Introduction

Context
In numerous problems, e.g., low MACH number flows [lo] or reacting flows in porous media 131, the density p, for a given velocity u, obeys the transport equation subject to an equality affine constraint:
where f , a and b are regular functions; e.g., in the context of low MACH number flows, f = O , a = R T a n d b = -p o .
Since the constraint of (TCE) is in general not an invariant of the PDE, the very notion of solution to the problem is ambiguous. In the context of ODES, similar problems have been treated as differential-algebraic equations [9] . In fact, frequently, the constraint in (TCE) arises from asymptotic developments, i.e., higher order terms have been dropped and one could just as well consider an inequality constraint. In addition, numerically, the constraint enforcement is necessarily approximate. Therefore, we rather consider where f, a, b, € 1 and ez are given regular functions, the latter two being non negative.
Motivation
Let us show with a one sided inequality: 0 5 p + b and a simple 1-dimensional example with a divergence free velocity u that an L~ projection strategy is not equivalent to solving the associated variational inequality. and the corresponding ppl is deduced from (wsTp). These particular solutions p and p, are depicted in Figure 1 , left and center frames.
Variational Inequality Approach
Now if we consider the variational inequality associated with the constraint 0 < p + b, with u = 0 , we have (see [6] p. 76 remark 3.9):
where sgnC(z) is one if z is positive and zero otherwise. Example 1.2. With the same hypothesis as in Example 1.1, the solutions pi, is computed using this modified right-hand side, and is shown in Figure 1 , right frame.
Clearly, the above examples show that projection and variational inequality approaches can lead to different solutions. The solution to the variational inequality can be considered , therefore it is promising to extend it to the Transport Equation subject to a constraint.
Outline
Considering (TC) under aoceptablt conditions, we prove it is a well-posed constrained optimization problem in the context of least square formulations of the Transport equation.
The solution obtained is shown to be the same as the one yielded by the variational inequality. We then consider a mixed formulation and establish that it leads to the same solution, from which we finally derive a simple space-time finite element method, STILS, to approximate this solution. Note that, in 143, a similar approach is used for a 1D conservation law with unilateral constraint treated with a projection-penalization strategy in the context of entropy formulations. There mists a unique c = Argmin9,y,(,,Q)J(cp) . In addition, c E K. 
Functional Setting
, where nf denotes the projector from Vo(u, Q) ontoK for ( I ) .
Remark 3.3. In the case where K is the convex cone of nonnegative functions, let Z E Vo(u, Q) be the solution of Z E = f+ -sgn+(-d))f, then F E K and satisfies:
From [5] we know that
( V~E K ) (~V E K~V O (~, Q ) )
W=e, and we deduce that 
Mixed Formulation
Since g is affine, it has an associated linear operator G allowing a mixed formulation of (TCh) as follows: with A = jh E L~( Q ) , Proof: Using the inf -sup condition established in Lemma 4.1, the equivalence of the variational ineauality with the mixed formulation for a one-sided constraint inequality is proved in [7] . It is straightforward to extend this result to the double-sided variationi inequality (2). 0 Remark 4.3. The constrained optimization approach for solving (TC) can readily be extended to the case of convex regular g functions. Unfortunately, the mixed formulation could not be applied in this case.
Numerical Approximation
We briefly explain here how a numerical approximation of the solution we propose can be readily derived. See, e.g., [2] for the practical implementation of the efficient STILS scheme. Assume is a conforming tetrahedral (for positivity) mesh of Q and define the following finite-dimensional spaces: 
